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Abstract 

Here we study the nonnegative solutions of the viscous Hamilton-Jacobi equation 

u t - Au+ \Vu\ q = 

in Qn.T — x (0,T), where q > 1,T € (0, oo] , and 51 is a smooth bounded domain of 1^ 
containing 0, or £1 = M. N . We consider solutions with a possible singularity at point (x, t) = (0, 0). 
We show that if q > q* = (N + 2)/(N + 1) the singularity is removable. For 1 < q < q*, we 
prove the uniqueness of a very singular solution without condition as \x\ — » oo; we also show the 
existence and uniqueness of a very singular solution of the Dirichlet problem in Qo,oo, when 
is bounded. We give a complete description of the solutions in each case. 
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1 Introduction 

Let f2 be a smooth bounded domain of M. N containing 0, or U = R , and Oo = O\{0}. Here we 
consider the nonnegative solutions of the viscous parabolic Hamilton-Jacobi equation 

ut ~ An + \X7u\ q = (1.1) 

in Qn,T = x (0,T) , where q > 1, with a possible singularity at point (x,t) = (0,0), in the sense: 

lim / u(.,t)tpdx = 0, V<peC c (fi ) 5 (1.2) 

which means formally that n(x, 0) = for x ^ 0. 

Such a problem was first considered for the semi-linear equation with a lower term or order : 

u t - Au+ \u\ q - l u = inQ CjT , (1.3) 

with q > 1. In a well-known article of Brezis and Friedman [16], it was shown that the problem 
admits a critical value q c = (N + 2)/N. For any q < q c , and any bounded Radon measure 
uq € A4b({l), there exists a unique solution of (jl.3p with Dirichlet conditions on 90 with initial 
data no, in the weak * sense: 

lim / u(.,t)ipdx = / tpduo, V</? € C c (0). (1-4) 

Moreover, from [IT] and [21j. there exists a very singular solution in satisfying 

lim / u(.,t)dx = oo, VB r CO, (1.5) 

and it is the limit as k — > oo of the solutions with initial data kdo, where <5o is the Dirac mass at 0; 
its uniqueness, obtained in [33], is also a consequence of the general results of [31]. For any q ^ q c , 
such solutions do not exist, and the singularity is removable, in other words any solution of (|1.3p . 
(OP satisfies n G C 2 ' 1 (O x [0,T)) and n(x,0) = in see again [IB] . 

The problem was extended in various directions, where the Laplacian is replaced by the porous 
medium operator A(|n| m_1 n), see among them [35], [21], [25], [26],[27], [29], or the p-Laplacian 
for example [22] . [36], [23] , 

Concerning equation (|l.ip . up to now, the description was not yet complete. Here another 
critical value is involved: 

N + 2 



" iV + 1 

In the case O = M , we define a very singular solution (called VSS) in Qigiv ^ as any function 
n € ^ oc (QkJV )0 o)> sucn that l Vn l e ^LCQr^cJj satisfying equation (TTT]) in V'(Q R N t00 ), and 
conditions 

lim / u(.,t)<pdx = 0, Vip€C c (R N \{0}). (1.6) 
lim / u(.,i)cte = oo, Vr > 0. (1.7) 
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For q G (1, g*) , it was shown in [10] that, for any no G .M&(R ), there exists a solution u with initial 
data uo, unique in a suitable class, which was enlarged in [7J. The existence of a radial self-similar 
VSS U in Qir]v j00 , unique in that class, was obtained in [39]; independently in [11], proved the 
existence of a VSS as a limit as — > oo of the solutions with initial data Mo- From [12], it is unique 
among (possibly nonradial) functions such that 

Jim/ C/(.,t)dx = 0, Vr>0, (1.8) 



17 G C 2 ' 1 (Q MJ v i00 ) n C((0, oo); L 1 ^)) n Lf oc ((0, oo); ^(R*)), (1.9) 
sup(t^ 2 ||n(.,i)|| Loo(KJV) + t W*+iM0/* \\v(u^(.,t))\\ L ^ RN) < oo (1.10) 

If q ^ g*, it was proved in [11] that there is no solution u in Q-^n t with initial data 5q, under the 
constraints 

«£ C{(0,Ty,L 1 (R N ))nL q ({0,T);W 1 ' q (R N ); (1.11) 

and the nonexistence of VSS was stated as an open problem. 

In the case of the Dirichlet problem in Qq.t, with bounded, similar results were obtained in 
[8]: for q G (1, q*) and any «o £ .M&(f2), there exists a solution u such that 

nGC((0,r);L 1 (O))nL 1 ((0,T);iy 1 ' 1 (fi), Vu| y G L 1 (Qq,t) , (1-12) 

satisfying f j 1 . 4 p for any G Cf>(f2), and unique in that class; for q ^ q* there exists no solution in 
this class when uq is a Dirac mass; the existence or nonexistence of a VSS was not studied. 

In this article we answer to these questions and complete the description of the solutions. 

In Section [2] we introduce the notion of weak solutions and study their first properties. We 
extend some universal estimates of pjj] for the Dirichlet problem. When q ^ 2, we show that the 
solutions are smooth, improving some results of [12j . see Theorems 12.121 and 12.131 We point out 
some particular singular solutions or supersolutions, fundamental in the sequel. We also give some 
trace results, in the footsteps of [31], and apply them to the solutions of (jl.ip . (|1 .2j) . 

Our main result is the removability in the supercritical case q ^ q*, proved in Section [3j 
extending the results of [16] to equation (jl.ip . 

Theorem 1.1 Assume q ^ q*. Let be any domain in M. N . Let u G L\ oc (Qq^t), such that |Vn| G 
L^ oc (Qf2 i 7 i ), be any solution of problem 



(Pn) 



ut - An+ |Vu| 9 = inV'(Q n , T ), 
lim t ^o J Q u(.,t)(fdx = 0, Vy? G C c (fi ), 



Then the singularity is removable, in the following sense: 
If q ^2, then u G C(fi x [0,T)) and u(x,0) = 0, Vx G Q. 
If q > 2, then u is locally bounded near 0, and for any domain uj CC SI, 



lim(sup u) = 0. 

Q u ,t 
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Observe that our conclusions hold without any condition as \x\ — > oo if f2 = R , or near <9f2 
when Q / R N . As a consequence, for q ^ q*, 

(i) there exists no VSS in Q r n ^ in the sense above. 

(ii) there exists no solution of (Pfi) with a Dirac mass at (0,0), without assuming (jl.lip or 

We give different proofs of Theorem 11.11 according to the values of q. For q 5^ 2, we take benefit 
of the regularity of the solutions shown in Section [2j When q < 2, we make use of supersolutions, 
and the difficult case is the critical one q = q*. When q ^ 2, our proof is based on a change of 
unknown, and on our trace results; the case q > 2 is the most delicate, because of the lack of 
regularity. 

Besides, if Q = M. N , we can show a global removability, without condition at oo: 

Theorem 1.2 Under the assumptions of Theorem \l.l\ with Q = R N , then 

u(x,t) = 0, a.e. in M. N , for any t > 0. 

In Section HI we complete the study of the subcritical case q < q*. Our main result in this range 
is the uniqueness of the VSS in Qjrjv ^ without any condition: 

Theorem 1.3 Let q G (1,<Z*) • Then there exists a unique VSS in Q^N t00 . 

Moreover we give a complete description of the solutions: 

Theorem 1.4 Let q G (1, q*) ■ Let u G Lj oc (Q R N be any function such that \Vu\ G L g loc (Q R N QO ), 
solution of equation ( fi.il) in T>'(Q^n oq), and satisfying ( fi.61) . Then 

• either |i. 7| ) ZioWs and u = U, 

• or there exists k > suc/i i/iai n(.,0) = Mo in i/ie weo/c sense of Aib(R N ) : 

lim / u(.,t)<pdx = kip(Q), VipeC b (R N ), (1.13) 

and u is the unique solution satisfying i!.13\) . 

• or u = 0. 

We also consider the Dirichlet problem in Qq^t when f2 is bounded: 

(n , ( u t - Au+\Vu\ q = in Q^ T . . 

(^){ n = o on an x (o, oo) . (L14) 

We give a notion of VSS for this problem, generally nonradial, and show the parallel of Theorem 
PI 

Theorem 1.5 Assume that q G (1, g*) and Q, is a smooth bounded domain ofM. N . Then there exists 
a unique VSS of problem (Dq jOC ). 

Finally we describe all the solutions as above. 

In conclusion, q* clearly appears as the upperbound for existence of solutions with an isolated 
singularity at time 0. We refer to |14j for the study of equation (jl.ip or more general quasilinear 
parabolic equations with rough initial data, where we give new decay and uniqueness properties. 
The problem of removability of nonpunctual singularities will be the object of a further article. 
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2 Weak solutions and regularity 

2.1 First properties of the weak solutions 

We set Qn, s ,T = X (s,t) , for any domain Q C R , any — oo ^ s < r ^ oo, thus Qn,T = Qn,o,T- 

Definition 2.1 For any function $ G L\ oc (Qq,^t)i w & say that a function U is a weak solution 
(resp. subsolution, resp. super solution) of equation 

XJ t - AU = <£ in Q n ,T, (2-1) 
i/t/ G L\ oc (Qq >t ) and, for any (p G V + (Q^ T ), 

I (Utp t + UA(p + $ip)dxdt = (resp. ^, resp. ^). 
io Jn 

In all the sequel we use regularization arguments by to deal with weak solutions: 
Notation 2.2 For any function u G L? oc (Qcit), we set 

u £ = u* g £ , 

where (g £ ) is sequence of mollifiers in (x,t) G R w+1 . Then u £ is well defined in Qn,s,r for any 
domain oo CC f2 and < s < r < T and e > small enough. 

Lemma 2.3 Any solution (resp. subsolution) U of \2.V) such that U G C((0,T); Lj oc (p,)) satisfies 
also for any nonnegative cp G C£°(f2 x [0,T]) and any s,t G (0,T), 

/ U(.,T)ip(.,T)dx - [ U(.,t)(p(.,t)dx - I f (Uip t + UAip + $ip)dxdt = (resp. ^ 0) (2.2) 
Jn is Jn 

and for any nonnegative ip G C% (fl) , 

U(.,r)ipdx- ( U{.,s)ipdx- ( [ (UAip + $ip)dxdt = Q (resp.^0). (2.3) 
Jn Js Jn 



Proof. The regularization gives the equation (U £ )t — AU £ = $ e , and the relations (|2.2p . (|2.3p 
hold for i7 e ,<3? £ , and for U, <3? as e — > 0. Indeed, f n U £ (.,T)p(.,T)dx converges to J n U(.,T)ip(.,T)dx 
for almost any r, see for example [1], hence the relations hold for any s,t by continuity. ■ 

Next we make precise our notion of solution of equation ([LIB . 

Definition 2.4 (%) We say that a nonnegative function u is a weak solution of equation U.l\) in 
Qn,T, if u G Lj oc (Qfi t T)i \Vu\ q G Lj oc (Qn : >j>)i and u is a weak solution of the equation in the sense 
above: 

/ / (-uipt - uAtp + \Vu\ q cp)dxdt = 0, V(/3 G V(Qn >T )- 
Jo Jn 

(ii) We say that u is a weak solution of the Dirichlet problem (-Dn,r) if it is a weak solution of 
( EUP in Qn,T, such that 

u G Ll c ((0,T);W^(n)) nC((0,T);L\n)), and \Vu\ G Lf oc ((0,T); L q (Q)). 
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We first observe that the regularization keeps the subsolutions, which allow to give local esti- 
mates: 

Lemma 2.5 Let u be a weak nonnegative subsolution of M.l\) in Qn,T- Let oj be any domain 
co CC Q and < s < r < T. Then for e small enough, u £ is a subsolution of equation U.l\) in 



Proof. The function u e satisfies 

{u E ) t - Au £ + |Vn| 9 *QeS0, 

in T)'(Q U) g )T ) for e small enough. We find easily that 

\Vu £ \ q ^\Vu\ q * q £ mQ^ T , (2.4) 
from the Holder inequality, since g £ has a mass 1; thus IV^I 9 G £* oc (Qu>,s,t) and 

(Ot - Au £ + \Vu £ \i S 0. (2.5) 

■ 

Next we recall some well known properties: 
Lemma 2.6 Any weak nonnegative solution of equation satisfies 

ueL% c (Q n , T ), V« € LL(Qn,r), u G C((0,T);L[ oc (fi)), Vr ^ 1. (2.6) 
As a consequence, it satisfies 

(i) for any if G C^(Qn iT ), 

[ f (-uipt + Vu.Vip + \Vu\ q Lp)dxdt = 0, (2.7) 
Jo Jn 

(ii) for any s, r € (0, T), and any if £ C 1 ((0, T); C* (0)), 



u(.,r)(p(.,r)dx - / s)dx + / / (-u<^ t + Vu.Vcp + | Vii|V)ctedt = (2.8) 

n Jn J s Jn 

(Hi) for any s,t € (0,T), and any V> G C\ (Q) , 

u(.,T)ipdx - [ u(.,s)^dx + [ [ (Vu.Vip + \Vu\ q ^j)dxdt = (2.9) 



Proof. The function u G L\ oc (Qq^t) is nonnegative and subcaloric, then regularizing u by n e , 
we get u G L^ c (Qn,T), see for example [T^. Otherwise for any domains oj CC oj' CC f2, taking 
^ £ C,! (Q) with support in oj' such that ^ = 1 on oj, tp ($7) C [0, 1] , we find 



u 2 £ \V^\ 2 dx; 



u 2 (.,r)ip 2 dx — / u 2 (., s)ip 2 dx + / / \Vu £ \ 2 ijj 2 dx 
n Jn J s Jn 

^2 I I u e \Vu E \\Vi>\dx^ \ I ( \Vu £ \ 2 ip 2 dx + A I f 
Js Jn 2 J s Jq J s J n 
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hence Vu G £ 2 oc (Qn,r) from the Fatou Lemma, and 

\\Vu\\v( Qu , t , T ) Si C(\\u(., s)\\ lHQljI 8 t) + H\ L 2 {Qw , s t) ) S C \\u\\ Lob(QuI ar) , (2.10) 

with C = C(N,u>,u>'). Then {27]) holds for any (p G V(Qn jT )- Moreover, since \Vu\ q G Lj oc (Q^ T ), 
the function u lies in the set 

E={ve Ll c ((0,T);Wlf c (n)) : G L 2 OC ((0, T);W~ 1,2 (VL)) + l| oc (Qn,T)| (2.11) 



From a local version of [381 Theorem 1.1], we have E C C((0, T); L\ oc (Q)). Then dHHJ) and (1231) 
follow. Moreover u G L% c (Q n , T ), then it G C((0, T); L[ oc (Sl)) for any r > 1. ■ 

In the case of the Dirichlet problem (Dq^t), the regularization does not provide estimates up 
to the boundary, thus we use another argument: the notion of entropy solution that we recall now. 
For any k > and r G R, we define as usual T k {r) = max(— k, min(A;, r)) the truncation function, 
and & k (r) = f Q T k (s)ds. 

Definition 2.7 Let s < r, and f G £ (Qn,s,r) and u s G L 1 (fi). A function u is an entropy solution 
of the problem 

ut - Au = f in Qn,s,r, 

u = on (s,r) x dQ, (2.12) 
u(., s) = u s in £1, 

ifu G C([s,T];L l (n)), andT k {u) G L 2 ((s, r) ; W 1,2 (O)) /or any k > 0, and 

0&(u — <£>)(., r)dx + / (<£t, — + / / Vu.VT^.(w — ip)dxdt 

ft Js J s J Q, 



Qk(u s -<p(., 0))dx + / / fT k (u - ip)dxdt 

Q is Jf7 

/or any tp G L 2 ((s, r); W 1,2 (fi)) n L°° (Q n , T ) *uc/i tfwrf ^ G L 2 ((s, r); W -1 ' 2 ^)). 

As a consequence, we identify three ways of defining solutions: 

Lemma 2.8 Let ^ s < r ^ T, and / G i 1 (Qn,s,r) and u G C([s, r) ; L l (ft)), u s = u(s). 
Denoting by e tA the semi-group of the heat equation with Dirichlet conditions acting on L 1 (fl) , the 
three properties are equivalent: 

(i) u G L[ oc ((s,r); Wq' (tt)) and u t - Au = /, in T>'(Qq >SjT ), 

(ii) u is an entropy solution of problem 112.12]) in Qn,s,T> 
(Hi) 

«(., t) = e {t ~ s)A u s + J e {t ' a)A f(a)da in L l (ft) , Vt G [s, r] . 

Proof. It follows from the existence and uniqueness of the solutions of (i) from [61 Lemma 3.4], 
as noticed in [8], and of the entropy solutions, see [3], [34] ■ ■ 

We deduce properties of all the bounded solutions u of (-Dfi,r) : 
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Lemma 2.9 Any nonnegative weak solution of problem (-Do,,t)> such that u G Lf£ c ((0, T); L°° (fi)) 
safe/ies Vn G L 2 oc (0,T); L 2 («)) and n € C((0, T); L r (Sl)) /or any r ^ 1. 

Proof. Since u G C((0,T);L 1 (Q)), for any < s < r < T, u is an entropy solution on [s,r] 
from Lemma [2T81 Since n is bounded, it follows that u = Tk(u) G L 2 ((s,r) ;W ' 2 (f2)), and 

f u 2 (.,T)dx- f u 2 (.,s)dx + f f \Vu\ 2 dx + f f u\Vu\ q dxdt = 0; 
Jn Jn Js Jn Js Jn 

and u G C((0,T); L r (ft)) as in Lemma [2J3 ■ 



2.2 Estimates of the classical solutions of the Dirichlet problem 

First recall some results on the Dirichlet problem in a bounded domain with regular initial and 
boundary data 

u t - An + \Vu\ q = 0, in Qn,T, 
< u = <p, on aOx(0,r), (2.13) 
u(x, 0) = no ^ 0. 

If (f = and no G Cq (f2) , it is well known that problem (I2,13h admits a unique solution n G 
C 2 ' 1 (Qn.oo) nC(Hx [0, oo)) such that | Vn| G C (H x [0, oo)) . For general ip G C(dSl x [0, T]), the 
same happens on [0,T) if no G C 1 ^), and no(x) = </?(#, 0) on dQ. If one only assumes no G C(fi), 
there exist a unique solution n G C(0 x [0, T]) in the viscosity sense, see [5], but |Vn| may have a 
blow-up near 90 when q > 2. 

Some fundamental universal estimates have been obtained in [19]: 

Theorem 2.10 ([19]) Let Q be any smooth bounded domain. Let q > 1, and uq G Cq (jl) be 
Lipschitz continuous. Let u be the classical solution of 12.13]) with ip = 0. Then there exist functions 
B,D G C((0, oo)) depending only of N,q,Q, such that such that, for any t G (0,T), 

||uM)IU~(n) SB(t)d(x,dn), (2.14) 

||Vu(.,t)|| L oo ( n)^£>(t). (2.15) 

In the following Lemma, we extend and make precise estimate (|2.14p , with nonzero data on the 
lateral boundary: 

Lemma 2.11 LetCl be any smooth bounded domain. Let q > 1. Let u G C(fix (0,T))nC 2,1 (Qo j T) 
be a nonnegative solution of equation in Qn,T, bounded on d£l x (0, T). Then there is a constant 
C = C(N, q, n) such that for any Vi G (0, T), 

H-,*)IU°°(fi) = C ( l + t~^)d(x,dn) + sup n,. (2.16) 

8Qx(0,T) 
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Proof. Let M = sup 9r2x ( O T ) u. We set us = u — (M + 5) for any 5 > 0. On <9f2 x (0,T), we 
have it^fc ^ — 5 < 0. Since ^(0) is continuous, there exists Q$ CC such that u$(0) ^ —(5/2 on 
Then there exists a contant C$ such that us(0) ^ Csd(x,d£l). From |19| . for any z G d£l, 
there exists a function 6^(x) such that, for some k, K, A > depending on fi, and for any 

kd(x,dQ) S inf 6 2 (x) ^ Kd(x,dn), b z (x)^A, k ^ |V6 z (x)| ^ 1, |A6 z (a;)[ ^ if. 

Then for any z € <9S7, there exists a function u; z of the form w z (x,t) = J(t)b z (x) such that w 2 is a 
supersolution of equation (jl.ip . w z ^ on 30, and 

limd(x,9f2) - i/^fa^i) = oo 
t— >o 

uniformly in f2. Otherwise J can be chosen explicitly by J(t) = C(Arctani) -1 /^ -1 ^ with C q ~ l = 
k~ q (Ki:/2 + A/{q — 1)). Thus there exists t$ > such that w z (x,t) > ^(0) for r < 75. Since U5 is 
a solution of (jl.ip . the function n; 2 (x,T + i) — u$(x,t) is nonnegative from the comparison principle. 
Letting r — > 0, and then (5 — > and finally taking the infimum over z G d£l leads to the estimate 

u(x, t)£M + KJ(t)d(x, dQ), (2.17) 

hence (12.16P follows with another constant C > 0. ■ 

2.3 Regularity for q ^ 2 

First of all, we give a result of regularity C 2 ' 1 /or any u>ea/; solution of equation (jl.ip and for any 
o^2. Such a regularity was obtained in [I2j Proposition 3.2] for the VSS when g < g*, and the 
proof was valid up to q = (N + 4)/ (iV + 2). We did not find a good reference in the literature under 
our weak assumptions, even if a priori estimates can be found in [30J, and Holderian properties in 
[3], [ID]. Our proof is based on a bootstrap technique, starting from the fact that u is subcaloric. 

We set W^iQ^r) = {u G i/(Qu,, s , r ) : u t ,Vu,D 2 u G LP(Q UjSjT )}, for any ^ s < r < T 
and 1 ^ p 5= 00. This space is endowed with its usual norm. 

Theorem 2.12 Let 1 < q ^ 2. Xei 6e any domain in R . Suppose that u is a weak nonnegative 
solution of ([QP in Qn,T- 

(i) Then u G C 2,1 (Qq,t)i i/iere exists 7 G (0, 1) such that for any smooth domains uj CC a/ CC 
O, and < s < r < T 

||n|| c2+7 , 1+7/2(£W) ^ C$(IMIi~(Q w , iS/2iT ))> (2.18) 
where & is a continuous increasing function and C = C(N,q,uj,uj' ,s,t). 

(ii) As a consequence, for any sequence (u n ) of weak solutions of equation in Qn t T, uniformly 
locally bounded, one can extract a subsequence converging in Cf'^Qn^) to a weak solution u of 
[IIW in Qn,T- 

Proof, (i) • Case q < 2. We can write (|2,6p under the form 

u t -Au = f, / = -jVn|", 
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and / G LH c (Qq„t), with qi = 2/q G (1,2). From (gSD, there holds u,Vu, f G Lf oc {Q^ T ). Then 
u G W^' 91 {Qn,r), see [301 theorem IV.9.1]. Choosing a/' such that oj CC CC w'and denoting 
Q = Qu,s,t, Q' = Qu>,s/2,t> Q" = Qw",3s/4,r; we deduce from (|2.10|) that 

ll n llw 2 ' 1 >'Ji(Q) = C(ll/llx8i(Q") + ll n IL«i(Q")) = ^(H^ 7n llL 2 (Q") + ll n IL°°(Q')) 
= C(ll n llL°°(Q') + IMIl^Q'))' 

with C = C(N, q, oj, oj' , s, t). From the Gagliardo-Nirenberg inequality, there exists c = c(N, q, oj) > 
such that for almost any t G (0, T), 

||Vu(.,t)|| L2qiH s 4 u {M l w2, qi{u) \\u{t)\\ l ll {u)) . 

Then by integration, [Vu| € L^(Q), and 

||Vu|| L 2 gi(Q) ^ c||n(t)||J/ 2 2 , 91(Q) |[n||^ (Q) ^ Ci$i(||u|| L ^ (Q0 )), (2.19) 

with a new constant Ci as above, where <E>i is a continuous increasing function. Thus / G 
L! 2 oc (Qn,T), with 92 = (2/g) 2 G ( gi ,2gi) and u,Vu,f G L» (Q^r), in turn u G W£J' w (Qn,T). 
By induction we find that u G VV 2 ^' 9 * (£1 x (0, T)), with Qk = q\, for any 2i 1, and 

\N u h 2 ik(Q) S Ck®k(\H\ L °°(Q')) 

with Cfc, as above. Choosing any A; so that q^ > N + 2, we deduce that |Vw| G C 7 ' 7 / 2 (w x (s, r)) 
for any 7 G (0, 1), see [IB Lemma II.3.3]. Then / is locally Holderian, thus u G C ,2+7 ' 1+7/2 (Qu,, s , T ), 
and (^Tgjl holds. 

• Case q = 2. We define Q and Q' as above, and regularize by u e in Q' for e small enough. 
Since u is locally bounded, u £ converges to u in L S (Q') for any s ^ 1, and by extraction a.e. in Q. 
And u £ satisfies the equation in Q' 

(u £ ) t - Au £ + |Vu| 2 * q £ = 0. 
Defining the functions 2 = 1 — e - " in Qn,T, an d z e = 1 — e _-i% in Q', we obtain that 

{z e ) t - A(z £ ) + h £ = 0, 

where h £ = e~ Ue (jVii| 2 * g £ — |V-u e | 2 ^ =| from (|2.4p . Then |Vuj 2 * £> e converges to |Vu| 2 and 

|Vtt e | 2 converges to |Vu| 2 in £* oc (Qn,T) 5 thus /i e tends to in Lj oc (Qn : x)- As e — > 0, z e converges to 
z in L S (Q) for any s ^ 1, and z is a solution of the heat equation in V'(Q'), hence also in T>'{Qsi,t))- 
Then z G C°°(Q^t), hence max Q z < 1, thus u G C°°(Q^ T )- And ||z|| iooW ,) < 1 - e~ Mi00 W), 
then (12.18|) follows from analogous estimates on z. 

(ii) From the estimate (|2.18p . one can extract a diagonal subsequence, converging a.e. to a 
function u in Qn,T, and the convergence holds in Cf^ c (Qn ) T)- Then u is a weak solution of (11.11) in 
Qn,T- ■ 

In the case of the Dirichlet problem we obtain a corresponding regularity result for the bounded 
solutions. Our proof can be compared to the proof of [8, Proposition 4.1] relative to the case q < 1. 
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Theorem 2.13 Let 1 < q ^ 2. Let Q be a smooth bounded domain. Let u be any weak nonnegative 
solution of problem (Dq^t), such that u £ L^ c ((0,T) ;L°°(fi)). 

(%) TTien u satisfies the local estimates of Theorem \2.12\ Moreover, u £ C 1,0 (fi x (0,T)) and i/iere 
exists 7 £ (0, 1) such that, for any < s < r < T, 

W U \\c(nx[s,r]) + ll Vn llc7,7/2(nx[s,r]) = C$ (IMlL~(Qn, s /2, T )) ( 2 " 20 ) 

where C = C((N, q, f2, s, r, 7), and <3? is an increasing function. 

(ii) For any sequence (u n ) of weak solutions of (-Dq.t) uniformly bounded in Lf£ c ((0, T); L°° (O)), 
one can extract a subsequence converging in C, x (0, T)) to a u>ea& solution u of (.D^t). 

Proof, (i) • Case q < 2. From Lemma [231 we have Vn £ £? oc (0, T); L 2 (fi)) and u £ 
C((0,T);L 1 (O)). Then / = -\Vu\ q £ Lf oc {(0,t); L^ (O)). For any < s < r < T, and t £ [s/2,r] , 
we can write u(.,t) = U\(.,t) +«2(.,t), from Lemma |2.8[ where 

m(.,t) = e^ A u( S -), u 2 (.,t) = f e^ A f(a)da. 

2 J s/2 

We get u\ £ C°°((5r2,s,r) from the regularizing effect of the heat equation, and u 2 £ W 2 ' 1,qi (Qn,r), 
from [30, theorem IV.9.1]. As above, from the Gagliardo estimate, we get / £ L^ c ((0, t); L Q2 (fi)), 
and by induction |Vn| £ C 7 ' 7 / 2 (Qf2 jSiT ) for some 7 € (0, 1), see (30J Lemma II.3.3]. The estimates 
follow as above. 

• Case q = 2. From Theorem 12.121 u is smooth in Qq,t, an d 2 = 1 — e~" is a solution of the 
heat equation, and z £ C((0, T); L 1 ^)). T hen z( .,t) = e ( - tls ^ A z(s/2), thus z £ C°°(Q^7^). This 
implies that maxg^ — z < 1, thus u £ C°°(Qq >s>t ) and the estimates follow again. 

(ii) It follows directly from ([zT2"0]) . ■ 

Remark 2.14 ^4s a consequence, in the case q ^ 2, we find again the estimate \2.15\) for the 
problem (Dq t) without using the Bernstein argument, and it is valid for any weak solution u £ 

L&((0,T);L°°(«))- 

2.4 Singular solutions or supersolutions 

In the study some functions play a fundamental role. The first one was introduced in [10]. 
2.4.1 A stationary supersolution 

Assume that 1 < q < 2. Equation (jl.ip admits a stationary solution whenever N = 1 or N ^ 2, 
1< 9 < iV/(JV - 1), defined by 

s £ (0,oo) 1— MV(s) = 7N, q s~ a , a= ^3I' 7JV, g = « _1 (a + 2-iV) 1 ^. 
Moreover in the range 1 < q < 2, the function T = T\ defined by 

S £(o,oo)^r( s ) = 7gS - a , a = ^|, 7 9 = ( V_ 1} ( 2 - 21 ) 

g 1 z g 

is a radial supersolution of equation (jl.ip for any A r . 
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2.4.2 Large solutions 

Here we recall a main result of [TU] obtained as a consequence of the universal estimates. 

Theorem 2.15 (|19j) Let G be any smooth bounded domain, and rj > such that B v CC G. Then 
for any q > 1, there exists a (unique) solution Y^ of the problem 



(Y v % - AYf + IVY^I 9 = 0, inQ G)0O , 
Yf = 0, on dG x (0,oo), 

Yf(x,0) = 



(2-22) 

OO IJ X G Brj, 

if not, 

which is uniformly Lipschitz continuous in G for t in compacts sets of (0, oo) and is a classical 
solution of the problem for t > 0, and satisfies the initial condition in the sense: 

lim inf Y G (x,t) = oo, \/K compact C B„; lim sup Y^(x,t) = 0, \/K compact C G\B„. 

t^rOxeK 1 t->-0 x£K 

(2.23) 

And Y? is the supremum of the solutions y Vrj G with nonnegative initial data ip v ,G € C(G) such 
that ipri,G = on G\B„. 

A crucial point for existence was the construction of a supersolution for the problem in a ball: 

Lemma 2.16 For any ball B s C 1^ and any A > 0, there exists a supersolution w\ s of equation 
U.l\) in B s x [0, oo), such that 

w x , s = oo on dB s x [0, oo) , w x , s = \ e ct+l / a ^ x \ c = c(A) > 0, 

where a s is the solution of —Aa s = 1 in B s and a s = on dB s . 

2.5 Some trace results 

First we extend a trace result of [32J. 

Lemma 2.17 Let U G C((0, T); Lj (Q)) be any nonnegative weak solution of equation 

Ut-AU = $ (2.24) 

in Qn,r, with $ G L l loc (Q^ T ). 

(i) Assume that $ ^ — F, where F G L\ (J7 x [0,T)). Then U(.,t) converges weak* to some Radon 
measure Uq : 

lim / U(.,t)(pdx= / ipdUo, Vy? G C c (f2). 
Furthermore, $ G L^QO, T); 1^.(0)), and for any ip G C c 2 (fi x [0,T)), 

- / / (*7</>t + UA(p + <$><p)dxdt = [ <p(.,0)dU o . (2.25) 

(ii) Assume that <3? has a constant sign. Then 

$ G Lj oc ([0,nLj oc m) ^Ue L? oc { [Q,T);L} oc (n)). (2.26) 
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Proof, (i) Let w CC w' CC and < s < r < T. We approximate U by U £ and set 
$ + F = E ^ 0, so that for e small enough, 

(U £ ) t - AU £ = E £ -F £ in Q wW2iT . 



Let 4>i be a positive eigenfunction associated to the first eigenvalue Ai of —A in W ' 2 (oj). Multi- 
plying the equation by </>i and integrating on over uj, we get, for any t G (s/2,r), 



d 
~db 



f U^t^dx + Xi f U e (.,t)<kdx = - [ U £ (.,t)^da + f E e (.,t)fcdx - f F £ (.,t)^dx. 

J Ul Jul J 8u> J Ul Jul 



We set 

X(t)= f C/(.,t)0idx, h(t) = e Xlt X(t) - f I e XlS F(.,s)(f) 1 dxde, 

J Ul Jt J Ul 

X £ (t)= I U e (.,t)<fnda:, h £ (t) = e Xlt X £ (t)- I I e^ s F £ (., s)fadxd9. 

J Ul Jt J Ul 

Then h £ is nondecreasing on (s/2,r) , and then h £ {r) ^ h £ (s). On the other hand, X £ (t) converges 
to X(t) a.e. in (0, T) as e -> 0. Since U G C((0, T); L\ oc (VL)), we deduce that /i(t) ^ /i(s) + 
jj J u E(.,t)cj)idx. Thus /i is nondecreasing on (0,T). From the assumption on F, X has a limit as 
t — > 0, and <E> G L* oc ([0, T); L^ oc (0)). Otherwise, for any nonnegative tp G C^(Q,), for any t < t, there 
holds 

/ U(.,T)i/>dx- [ [ (UAip + $i))dxdt= [ U(.,t)ipdx (2.27) 
Jn Jt Jn Jn 

from (|2,3p . Thus U(.,t)ipdx has a nonnegative limit /i(V') as i — >• 0, and 



[/(., t)V><&e - / / {UAi/j + <$>^)dxdt = 
n Jo Jn 

Then /i is a nonnegative linear functional on C^(O), thus it extends in a unique way as a Radon 
measure uq on fi. Finally for any <p G C£°(£l x [0, T]), we have 



I (Utpt + UAip + <f>ip)dxdt = [ U(.,t)tp(.,t)dx. 
Jn Jn 

Going to the limit as t — > 0, we deduce (|2.25p . since 

f U(.,t)(<p(.,t) -(p(.,0))dx SCt f U(.,t)dx. 
Jn J sudd«? 



(ii) If U E L? oc { [0, T) ; L\JSI)), then ft f Q ^dxdt is bounded as t -> 0, and $ G L[ oc ([0, T); L^fi)) 
from the Fatou Lemma. The converse is a direct consequence of (i). ■ 

We deduce a trace property for equation inspired by the results of [3T] for equation 11.31 

see also 1 1 3 1 : 
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Proposition 2.18 For any nonnegative weak solution u of hl.l\) in Qn,T, the following conditions 
are equivalent: 

(i) u G Lfo c ( [0, T) ; Lf oc (ft)), 

(U)VueLl c (nx[0,T)), 

(Hi) u(.,t) converges weak* to some nonnegative Radon measure uq in £1. 
And then for any r G (0, T), and any tp € C^(J7 x [0,T)), 

u(.,r)tpdx+ f f (-utpt + Vu.Vip - \Vu\ q tp)dxdt = f tp(.,Q)du . (2.28) 
n Jo Jn Jn 

Remark 2.19 If q ^ 2, and u admits a Radon measure uq as a trace, in the sense of condition 
(Hi), then necessarily 

u G Lj oc (Q), andueC ([0, T) ; Lj oc (U)) . 

Indeed condition (ii) implies that u G Lf oc ([0,T) ;W^(Cl)), and u t G Lf oc ((Q, T); W^' 2 (H)) + 
L 1 (Qu,t) > then the conclusion holds from [38]. As a first consequence, there exists no weak solution 
of equation U.l\) with a a Dirac mass as initial data. This had been shown in JH Theorem 2.2 and 
Remark 2.1] for the Dirichlet problem (Dq^)-- 

2.6 Behaviour of Solutions of (PTTD . (TT2|) in fi 

Next we come to problem (jl.ip . (|1.2p . In order to see what occurs at t = 0, we extend the solutions 
on (— T, T) as in [IS] . 



Proposition 2.20 Xei u be any weak solution of M.l\) . hl.2\) . Then the function u defined a.e. in 
Qn,-T,T by 

is a weak solution of the equation M.l}) in Qq 0> -t,t- If moreover 

lim / u(.,t)ipdx = 0, V<£ G C c (Sl), (2.30) 
Jo, 

then u is a weak solution of in Qn—TT- 

Proof. By assumption, u G Lj oc ([0,T) x Qq), hence u G L} oc (Qq 0> -t,t)- Then we can define 
Vu G V'(Qn -T,T) and for any ip G V{Qq, ,-t,t), 

< Vu,ip >= — I / uVcpdxdt = — / uVipdxdt. 
J-t Jn Jo Jn 

For any fe ^ 1, we consider a function on [0, oo) such that 

Ck(t) = C(kt), where C G C°° ([0, oo)) , C([0, oo)) C [0, 1] , C = in [0, 1] , C = lm[2,oc). 

(2.31) 
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Since u is a weak solution of (jl.ip . there holds 

- [ [ uV(ip( k )dxdt = [ [ LpQkVudxdt. (2.32) 
Jo Jn Jo Jn 

Prom ([L2]), we see that u G L<£ c ( [0,T) ;Lj oc (Q )), hence |Vu| G £f oc (O x [0,T)), from Proposition 
12.181 Then we can go to the limit in (|2.32j) as k — > oo from the Lebesgue theorem, hence 

— / / uVipdxdt = / ipVudxdt. 
Jo Jn Jo Jn 

Thus Vu G L q loc {Qo, -T,T) and Vu(x,t) = X(o,T)Vu(x, t); hence also Vu G L 2 oc (Qq _t,t) from 
Lemma [276], and for any 99 G T>(Qq ^t,t), 

[ I (-utpt + Vu.Vv? + [Vu| V)ctecft = [ [ (~ ul Pt + Vu.Vp + \Vu\ q ip)dxdt. (2.33) 
J —T Jn Jo Jn 

Moreover 

0= I [ (-u(y< fc ) t + V«.V(^Cfc) + |Vti| 5 ¥<fcdxcft 
io in 

= - / / u(p(( k ) t dxdt + / / (-uiptCk + Vti.V(</?Cfc) + |Vit| VCfccfecft. 
As A; —7- 00, the first term in the right hand side tends to from (|1.2|) . since 





f 2/k [■ 


/ / utp(( k ) t dxdt 


= Ck / 


Jo Jn 


Ji/k Jn 



i[l/fc,2/fc] Jsuppip 



(2.34) 



and we can go to the limit in the second term, since |Vit| G L q oc (Qq x [0, T)). Thus from (|2.33p . u 
is a weak solution of equation (jl.ip in Qq ~t,t- If (12.30P holds, the same result holds in instead 
of Q . m 

Corollary 2.21 Assume 1 < q ^ 2. Then any weak solution u of U.l\) , satisfies u G 

C 2 ' 1 {Q,q x [0,T)) and u(x,0) = 0, Vx G n - 

J/ WJm holds, then u G C 2 ' l {Vt x [0,T)) and u(x,0) = 0, Vx G a 

Proof. It follows directly from Prom Proposition 12.201 and Theorem 12.121 applied to u. ■ 

3 The critical or supercritical case 
3.1 Removability in the range < q < 2 

For any 1 < q < 2 we can compare the solutions with the function T defined at (|2.2ip . 
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Lemma 3.1 Let 1 < q < 2. Let u be any nonnegative weak solution of U.l\) in Qu,T, satisfying 
(i) Let r > such that B r C ft.T/ien there exists T\ > (depending on u,r) such that 

S u(x, t) ^ r(|x|) V(x, t) G Q BrKm , T1 ■ (3.1) 

(%%) Iftt = R N , then 

S u(x, t)Sr(\x\) V(x, t) G Q RNx{ohTi ■ (3.2) 



Proof, (i) For any r] G (0, r), we put ft^ = B r \B v , and we set i^(x) = r(|x| — 77), for any 
-AF„ + iVi^l 9 = 79 a&^(|x| - t?)-^ ^ 0, 



x € ft,,. We find 



thus F^ is a super-solution of (jl.ip in Qn oo- From Theorem 12.121 and Proposition I2.20[ u G 
C 2,1 (Qn,T)^C(Q,Q x [0, T)) andu(., 0) = 0. Then there exists t\ < T such that max ie [ 0>Tl ] u{t, x) < 1, 

| cc | — r 

and it is bounded in ft^ x [0, T\\. For any e > small enough, we have u(x,t) < F rj (x) on 
dB rj+£ x [0, ri] . From the comparison principle in Qn„ +e ,ri) we get u(x,t) ^ F v (x) in ft,, x [0, ti] , 
as e — >• 0. As 77 — > 0, we deduce (13. ID . 

(ii) From Lemma [2.16| for any xo G M Ar \i?2, the function x i— > wi,i(x — xo) is a supersolution of 
equation (jl.lj) in Qb(x ,1),ooi then in particular u(t, Xq) ^ e c(i)t+l/ai (o) ^ ^hus u bounded in Qu n \b 2 ,t- 
From the comparison principle in W N \B ri for any 77 G (0,1), see [20], we find u(x,t) < F„(x) in 
Qr n \~b^ti hence ()3.2p holds as 77 — > 0. ■ 

As a direct consequence we get a simple proof of Theorem 11.11 in case q* < q < 2 : 

Theorem 3.2 Let q* < q < 2. Suppose that u is a nonnegative weak solution of li.ip .i TO)) . Then 
u G C(ft x [0, T)) and u(x, 0) = 0, Vx G ft. 

Proof. The assumption q* < q is equivalent to a < N. Let -B r C ft and n defined at Lemma 
I3.lt we find for any t G (0, n) , 

u(.,t)dxS f T{\x\)dx ^ lq][d ^ rN - ; 
B r JB r N — a 

then u G L°°((0, n); L 1 {B r )). Applying Proposition EEl u(.,t) converges weak* to a measure /j on 
-B r : 



lim / u(.,t)tpdx = / V^A 4 ) Vt/> G C c (-B r 



From (ll.2p . /j is concentrated at and then = k8o for some A; ^ 0. Suppose that k > 0, we choose 
such that ^(0) = 1, ip v (B r ) C [0,1] , suppV*,, C -B^, with 77 G (0,r) small enough such that 
7, |&Bi| rj N - a £ (N - a)k/2. For any t G (0,n), lemma O yields 

u(.,t)ip v dxS [ T(\x\)dxS^- (3.3) 
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As t tends to the left-hand side tends to k, which is a contradiction. Then k = 0, hence for any 

V G Cf (B r ) , 

lim / u(.,tUdx = 0, (3.4) 

J B r 

and we conclude from Corollary 12.211 ■ 
3.2 Removability in the whole range ^ q < 2 



The proof of Theorem 13.21 is not valid in the critical case q = q*, since the function x i — )• 
7q |a;| _Ar is not integrable near 0. Then we use another argument of comparison with the large 
solutions constructed at Theorem 12. 15^ valid for any 1 < q < 2 : 



Proposition 3.3 Let 1 < q < 2. Under the assumptions of Theorem \2.15\ with G = B n (n > 1) 
the functions Y^ n converge as n — >■ oo to a radial solution Y rj of problem 



'OO! 



f (y„) t -Ay„ + |vy,|9 = o, mQ c 

oo if x £ B v , (3-5) 
if not. 



Y v (x,0) 



Then, as r/ — > 0, Y„ converges to a radial self-similar solution Y of equation U.l\) in Q^n ^ such 
that 

Y{x,t)%T(\x\), inQoo, (3.6) 

Y(x,t)SC(l + t-^), inQoo, (3.7) 

where C = C(N,q), and 

lim(supy(x,t))=0. (3.8) 



\x\^r 



Ifq*^q<2, then Y = 0. 



Proof. Let rj G (0, 1/2) . For any n ^ 1, Y^ B ™ is the supremum of the solutions Bn \ from the 
comparison principle, since q < 2, 

y VntBn (x,t)^r(\x\-rj) in(S n \^)x[0,oo). (3.9) 

From Lemma 12.111 in Qb±,oo, we obtain, for any € B± x (0, oo) 

I/ VniB „(x,t)^C(l + r^T) + 7 ,{l-T/)}-|^ ^C7(l + ri^)+ 7g 2i^, (3.10) 
with C = C(iV, g). And for any (x, t) G (B n \Bi) x (0, oo), we have 

y ^ fln (x, t) s r (|x| - 77) ^ r (1 - v ) ^ lq 2^ (3.11) 

Then (|3.10p holds in B n x [0, oo) . The same majoration holds for Y^ n : with a new C = C(N,q), 

Y v B -(.,t)^C(l + r^), mQ Bn700 . 
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Then we can go to the limit as n — > oo, for fixed rj. Prom Theorem 12, 121 we can extract a (diagonal) 
subsequence converging in Cf^Q^N ^ to a weak solution Y v of equation (jl.ip . In fact the whole 

sequence converges, since Y Bn ^ Y^ n+1 in Qb u ,od- Then Y v = supY^™ satisfies 

Y v ^C(l + r^), inQoo, (3.12) 
and Yy solves the problem (j3.5j) in the sense 

lim inf Y v (x,t) = oo, \/K compact C B v ; lim supY v (x,t) = 0, \/K compact C M N \B V . 

t— s-0 x£K ' t— >0 

_ (3.13) 
Indeed from Lemma [2.16l for any ball B(xq, s) C M n \B v , and any A > 0, we have YP n ^ w\ jS (x — 
x ) in Q B (x ,s),oo for any n > M + M I in turn Y v ^ w\ >s (x-x ), hence lim t __> sup B{xQ s/2) 3^(.,t) ^ 
^ e l/a(s/2) f or any A > 0. Moreover ([33]) implies that 

3^(x,t)^r(|x|-T/) inQ R ^ )00 . (3.14) 
Then for any r > ry, and any p > r, 

sup Yfj(x , t) ^ sup Y5j(x,t)+ sup l^(x,t)^ sup Yjj(x, i) + T (|p| — 77 ) 

MsJr xeB p yB^ x£M. N \B~p~ xeB p \B^ 

then we find 

lim(sup Y v (x,t)) = 0, (3.15) 

since lim r _ i . 00 T(r) = 0. 

Next we let 77 — » : observing that Y„ ^ Y„' for n ^ ry', in the same way from Theorem 12. 12] the 
function Y = inf J)> o Y^ is a weak solution of equation (jl.ip in Qriv i00 , satisfying the estimates (|3,6p . 
(|3.7p . and (|3.8p which implies in particular (jl.7p . Because of their uniqueness, all the functions 



Y^ Bn are radial, and satisfy the relation of similarity, 



K a Y v B "(KX,K 2 t) = Y v B "J K ( X ,t), VK > 0, Vfoi) G ^n/fc! 

then Y is radial and self-similar. 

Suppose q ^ q* and Y ^ 0; writing 1" under the similar form Y(:c, i) = t~ a l 2 f (t~ l l 2 |z[), then 
from |39] Theorem 2.1], we find hm r ._ s . 00 r a /(r) > 0, which contradicts ()3. 8|) : thus Y = 0. ■ 

Proposition 3.4 Lei 1 < (7 < 2. Lei SI 6e any domain in R . Lei n 5e any wea& solution of 
\l.l\) , llJty in Qn,T- Then for any r £ (0, T) and any ball B r CC fJ, there holds 

u y + max u, inQB r T- 

dB r x[0,r] ' 

Moreover, if £1 = M, N , then 

u ^ y, in Q r jv r (3.16) 



«■/) 



due C^CQb* 00) n C((0, 00); Cf (R^)). 
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Proof. Let u be such a solution in Qq^t- Let r G (0,T) , B r CC f2, and M r = maxaB rX [o. T ] u 
and e > be fixed. From Corollary E2H u G C(Q x [0,T)) and u(x,0) = 0,Vx G Q - Then for 
any < rj < r/2, there is 5 V > such that 

u(x,t)<e, for t? ^ |sc| ^ r, te(0,8 v ). (3.17) 

Let R > r. Next, for any 5 G (0,(5,,), we make a comparison in Qb t ,&,t between u(x,t) and 

y2r,,R,s( x > *) = i - <5) + M r + e 

as follows. On the parabolic boundary of Qb t ,5,t, it is clear that u ^ U2r],s,R, since u ^ M r on 
9-B r x [5, t] , u(x, <5) ^ e for x G B r \B v , and u(x,<5) ^ oo = y2ri,5,R, f°r x € i?r;- And y2r],R,s 
converges to +oo uniformly on B v as i — > 5, and u(.,5) is bounded on B^. Then, from the 
comparison principle, 

u S V2ri,R,S, in Qb t ,5,t- (3.18) 
As 5 tends to in (|3.18p . and we get 

u S Y 2 B V R +M r + e, in Qb t ,ti (3.19) 

by the continuity of Y^ R in Qb t ,t- Since (|3.19p holds for any 77 < r/2, and any e > 0, we finally 
obtain 

u^y + M r , inQ Brir . 

Moreover if f2 = M , then M r < T(r) from Lemma 13.11 and we get (I3.16P by letting r — > 00. 
Moreover u G C 2,1 (Q r n ]00 ) from Theorem 12.121 then from (|3.7p . u G C&(<3 R iv eQO ) for any e > 0, 
then from 20. Theorems 3 and 6], u G C((0, cxd); C$(R n )). ■ 

As a direct consequence, we deduce a new proof of Theorem ll.il valid in the range g* ^ q < 2 : 

Theorem 3.5 Let g* ^ g < 2. Suppose that u is a nonnegative weak solution of M.l}) , ITJty in 
Qn,T- 

Then u G C(fi x [0,T)) and u(s,0) = 0, Vx G 

Proof. Since g ^ g*, we have y = 0, from Proposition 13. 3( thus u is bounded in Qb,-,t from 
Proposition 13.41 Then (|3.4p still holds for any ip G C£° (-B r ) , and we conclude again from Corollary 
E2D ■ 

3.3 Removability for q ^ 2 

When g > 2, the regularity of the solutions of equation (jl.ip . in particular the continuity property, 
is not known up to now. It was shown recently in [18] that if a solution in the viscosity sense is 
continuous, then it is Holderian. Then it is difficult to apply comparison theorems. Here we use 
the transformation u 1 — > z = 1 — e~ u , which reduces classically equation (11. ip to the heat equation 
when q = 2, where we gain the fact that z is bounded. For p > 2, our proof requires regularization 
arguments. 
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Theorem 3.6 Let q ^ 2. Let u be any weak solution u of equation Al.l\) . il.ty) . in Qn,T- 

(i) Ifq = 2, then u G C°°(n x [0, T)), and u(x, 0) = 0, Vx G SI. 

(ii) If q > 2, i/ien u satisfies 



lim / t)ipdx = 0, V99 G CJfl), 
Jq 



and u G C([0, T); L[ oc (f2)) /or any r ^ 1 and u(.,0) = in the sense of L^ oc (fl). Moreover 
u G L°°(Q UJtT ) for any uj CC fi, and r G (0, T) , and 

lim sup u = 0. 

Proof. Let us set 

3 = 1-1;, w = e -«, (3.20) 
Notice that z is an increasing function of u and z takes its values in [0, 1] . 

(i) Case q = 2. From Theorem 12.121 u is a classical solution in Qo,T- Then z is a classical 
solution of the heat equation 

z t - Az = 

in Qn,T, and z G C(^o x [0,T)) and z(x,0) = for x / 0. From Lemma T2.171 2; converges weak* 
to a Radon measure as i —> 0, necessarily concentrated at 0, from (|1.2p . since z ^ u. Then fi = 0, 
because z is bounded. As for u, defining the extension z of z by for t G (— T, 0) , we find that z is 
a solution of heat equation in Qq~t,t, then z G C°°((5r2,-T,T)- Hence z is strictly locally bounded 
by 1, thus also u G C°°(Qq-t,t), thus n(0,0) = 0, and the proof is done. 

(ii) Case q > 2. We regularize equation (jl.ip and obtain 

(n e ) t - An £ + (|Vn| 9 ) e = 0, 

and we set v £ = e" e Then v e satisfies the equation 

v £ t - Av £ = v £ (\Vu\ q ) £ - \Vu £ \ 2 ) . 

Observe that v £ is not the regularisation of v, but it has the same convergence properties. Going 
to the limit as e — >■ 0, we obtain 

v t - Av = v(\Vu\ q - |Vn| 2 ) 

in T>'(Qfi x)- Next we apply lemma [2, 171 to v, with 

$ = v [\Vu\ q - |Vu| 2 ] G Ll c (Q Q>T ), F = -1, 

since from the Young inequality, ^ —v ^ — 1. Then z(.,t) converges weak* to a Radon measure 
H as t ->• 0, and $ G ^ oc (0 x [0,T)); and for any 99 G C 2 (fi x [0,T)) there holds 

/ / z(ip t + Acp)dxdt = I I §ipdxdt + [ ip(x,0)dfi, (3.21) 
Jo Jn Jo Jn Jn 
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from (|2,25p . We claim that \i = and the extension of z by for t = satisfies 

z€C([0,T),Lj oc (n)). 

Indeed, from assumption (jl.2p . u(., t) converges to in Lj oc (Qq) as i — > 0, thus also z(.,t). For any 
sequence (i n ) tending to 0, we can extract a (diagonal) subsequence such that u(.,t u ) converges 
to 0, a.e. in Q. Since z is bounded, it follows that (z(.,t v )) converges to in Lj oc (Q) from the 
Lebesgue theorem. And then z(.,t) converges to in L} oc (Jl) ast->0. 

We still consider the extension z of z by on for t G (-T, 0) . For any <fi G £> + (Qn,-Tyr)) we have 
from d32U, 

- f f z{4> t + A(f>)dxdt = - [ [ z((j) t + A(f>)dxdt = - [ [ <$>Lpdxdt 
J-tJq Jo Ju Jo isi 

S [ [ (1 - z)ipdxdt ^ f [ (1 - z)ipdxdt. 
Jo Jn J-tJq. 

Then z is a subsolution of equation 

io t - Aw + u; = 1 (3.22) 

in T>'(Qq-t,t)- Otherwise u is the weak solution of equation (jl.ip in Qq, -t,t, then u is subcaloric. 
As a consequence, for any r G (0, T), and any ball l?2r CC fi, the function « is essentially bounded 
on Q B2 \b~~^- T t by a constant M r>T , and then z ^ 1 — e~ Mr < T = m rjT < 1 on this set. For any 
K > the function y K (t) = 1 - ife _i is a solution of equation ([3T22]) . Taking K = e -( M ^+ r+1 ), 
we can apply the comparison principle in Qb t —tt to the regularisation ~z £ of ~z for e small enough, 
and deduce that z ^ yx a.e. in Qb, -t,t, and then 

2^1- e -(Wr, T +ar+i) < ! in Q^ r _ T T . 

Hence u = — ln(l — z) is essentially bounded in Qb t ,-t,t- Finally u G £^ c (Qn,-T,T)i from the 
subcaloricity, hence w G L^^Qq^t)- 

Besides, for any < s < t < r, and any domain wCCO, 

K, *) - «(., s)| ^ e INI ^W— ) t) - *(., s )|; 

then u G C([0,T); Lj oc (Q)), and u G C([0, T); L[ oc (fi)), for any r > 1, since u is locally bounded. 
Furthermore, for any ball B(xq, 2p) C and any t G (p 2 — T, T), 

sup u ^ C/T (Ar+2) / / udxds, 

B(x Q ,p)x(t-p 2 ,t)) Jt-p 2 J B(x ,2p) 

where C = C(N), see for example |28t Theorem 6.17]. Hence for any t G (0, r) and p < T 1 / 2 , we 
find 

sup u<Cp^ N+ ^ ! ! udxds <Cp-( N+2 k\\u\\ roo(n u 

fl(xo,p)x(0,t)) ~ A) 7i?(x- () ,2p) - L WB(« , art , T ) 

which achieves the proof. ■ 
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3.4 Global removability in M. N 

Next we show Theorem 11.21 relative to Q = R . It is a consequence of Proposition 13.41 in case 
1 < q < 2. In fact the result is general, as shown below: 

Proposition 3.7 Let q > 1. Let u be any non-negative weak subsolution of equation in Q-^n t 
such that u G C((0, T, Lj oc (R N )), and 



lim / u(.,t)if>dx = 0, (3.23) 

for any rp G C c (R N ) . Then u = 0. 

Proof. From Lemmas and ESI since u G C((0, T, Lj oc (R N )), there holds 



u(.,t)ipdx — / n(.,s)^dx + 



/ / (Vu.V^ + \Vu\ q ipdxdt S 0, 

Js JR N 



for any V G Cc' + (R N ), and any (s,i) C (0,T) .Taking i/> = £ 9 ' with f G P+(R JV ) and using Holder 
inequality, we deduce 

I u(.,t)ipdx- [ u(.,s)ipdx+ f [ \Vu\ q ^dxdt^q'{[ [ \Vu\ q ipdx)*( [ I \V£\ q 'dx)7 
JR N JR n Js Jr n Js JR n Js Jr n 

S - [ [ \Vu\ q ^dx + C q f I \V£\ q 'dx 

2 Js JR N Js Jr n 

with C q = (2(? - l)) q .We choose for any R > r > 0, 

£(x) = <X^), where 0([O,oo))c [0,1], <j> = 1 in [0, 1] , = in [2, oo), 
and go to the limit as s —> from (|3.23|) . It follows that 

f u(.,t)dx + - f I \Vu\ q dxdt^C q tR N - q ' '. (3.24) 

• First assume g < N/ (N — 1); then N — q' < 0. Letting R — > oo, we deduce that /□ u(.,t)dx = 0, 
for any r > 0, thus u = 0. 

• Next assume q ^ N/(N — 1). Then we fix some G (1,N/(N — 1)) ; for any r/ G (0, 1), there 
holds n\Vu\ k ^ n + \Vu\ q , hence the function w v = rf'^^'iu — nt) satisfies 

(w v ) t - Aw v + \ Vw v \ k ^ 

in the weak sense. Thanks to Kato's inequality, see for example [33] or [6], we deduce that 

(w+) t - Aw+ + \Vw+\ k SO, (3.25) 

in P'(Q R iv jT ). Moreover w v G C([0, T) , Lj oc (R N )), and, for any r > 0, 

lim / wti-, t)dx = Ty - ^ 3 ! li m / ( u ( A — rjt) + dx = 0. 
By the above proof, w+ = 0. Letting r\ tend to we get again u = 0. ■ 
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3.5 Behaviour of the approximating sequences 

When q is critical or supercritical, a simple question is to know what can happen to a sequence of 
solutions with smooth initial data converging to the Dirac mass, and one can expect that that it 
converges to 0. We get more generally the following: 

Theorem 3.8 Assume that q ^ q*. Let (</> £ ) be any sequence in T> + (M ), with supp ip e € B £ . Then 
the sequence (u E ) of solutions of M.l\) in Q^n )OC , with inital data <p e , converges to in Ci oc (Q^n iQO ) . 
In the same way, if Q is bounded, the sequence (u^}) of solutions of (Dq i00 , with initial data ip £ , 
converges to in Ci oc (Q x (0,oo)). 



Proof. Let e € (0, 1) . Since k £ ^ u £ , we only need to prove the result in case Q = 

(i) Case q < 2. We use the function Yi E defined at (|3.5p . There holds u £ ^ Y^e from the 
comparison principle; and Yi e converges to in Cl oc (Qm.N oo) from Proposition 13. 3\ then also u £ . 

(ii) Case q ^ 2. Let us fix some k such that g* < k < 2. As in the proof of Proposition 13, 7\ for 
any n 6 (0, 1) , w £)V = ri l /( k ~ l \u £ — nt) satisfies 

(w e>v ) t - Aw £>r , + |Vw El „|* S (3.26) 



in V (Q^n j00 ) , and w £ ^ € L^ c ([0, oo) ; L°°(1R )). From the comparison principle we find that 
w e,-q = v £ , where v £ is the solution of equation (II. ip with q replaced by k and v £ (.,0) = p £ ; hence 
u £ ^ nt + And (v £ ) converges to in Ci oc (Q r n ^ from (i). Let K, = [s,r] x K be any 

compact in Q r jv oa . Then 

limsup Hiiellioonq S W + t? 1 /^" 1 ^ 1 lim sup H^U^ng = i]T 
for any 77, then lim \ \u £ \\ Lao ^ = 0. ■ 

4 The subcritical case 1 < q < q* 

We first recall the following results of [HJ Theorem 3.2 and Proposition 5.1] for the Dirichlet problem. 

Theorem 4.1 (|8j) Let 1 < q < q* and £1 be a smooth bounded domain. Then for any uq € A^b(O) 
and any T € (0, 00] there exists a weak solution of problem (Dq jOQ ) such that u(.,0) = uq in the 
weak sense of Mb(Q) ■ 



lim / u(.,t)(pdx = / (fduo, \/(p € C&(f2), (4.1) 
Jn Jn 

and u is given equivalently by the semi-group formula 

u(.,t) = e tA u - I' e (t ' s)A \Vu(.,s)\ q {s)ds in L^fi), (4.2) 
Jo 

where e tA Uo is the unique weak solution w of the heat equation such that 

lim / w(.,t)(pdx = / pduQ, V</? € Cfe($7). (4-3) 
Jn Jn 



Moreover u 6 C 2,1 (Qf7 j0O ), and u £ C (Qn,e,oo) f° r any e > 0. And u is the unique weak solution of 
problem (-Df^r) for any T € (0, 00) . 
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This solution was obtained from the Banach fixed point theorem. The existence was also 
obtained by approximation in pQ , from the pioneer results of |15j . Here we give a shorter proof of 
Theorem 14.11 when uq is nonnegative, and firm in details the convergence: 

Proposition 4.2 Suppose 1 < q < g*. Let uq € A4^ (f2), and (tto,n) be any sequence of functions of 
Cj(f2) nCo(fJ) converging weak * to uq, such that H^Cnll^i^) = II^oII.m^q) • Let u n be the classical 
solution of (Dq >oc ) with initial data uo,n- 

Then (u n ) converges in C?' c (Qn,oo) H C^(Q x (0, oo)) to a function u E L^ oc ([0, oo) ; Wq' 9 (0)) 
and u is the unique solution of (-Do^t), |^.i[ ) /or an?/ T > 0. ^4nd u satisfies the estimates \2. 1 6\) 
and IQ3P - 

Proof. There holds 

u n (.,i) = e tA « , n - r e ^- s ) A |Vn n (., S )| 9 ( S )d S inL 1 ^). 

From estimate f|2. 16|) and Theorem 12.131 since q < 2, one can extract a subsequence, still denoted 
(u n ), converging in C^' c (Qn,oo) n Cf oc (0 x (0, oo)) to a weak solution u of (A^oo)- And 

u n (.,t)dx + [ [ \Vu n (.,s)\ g (s)dxds - [ [ ^-(.,s)dxds = [ u 0iU dx; (4.4) 
Jo Jn Jo Jdn av Jn 

hence (V-Unl 9 is bounded in L (Qn )00 ) by ||^o|lx,,(r2) • Then from [61 Lemma 3.3], (u n ) is bounded 
in LT((0,r),Ty o 1,7 (fi)) for any 7 € [l,g*). Thus (|V« n | 9 ) converges to [Vnl 9 in L^ c ([0, 00) , L 1 ^)), 
and (e iA iio, n ) converges a.e. to e iA uo, and u satisfies (|4.2p . Moreover u is the unique solution of 
(Dn,r)- Indeed let v be any other solution; taking 7 G (q,q*) , there holds from [6, Lemma 3.3], 
with constants C = C(7, H), 

^ ^(ll^ll^) + ll^ll^,) ||V(« - v)\\ Lq{QnT) 



hence t> = u on (0, r) for r ^ C = C(7, 0, no), and then on (0,T). Then the whole sequence (u n ) 
converges to n. ■ 

Remark 4.3 Applying Proposition \4-2\ on (e,T) for e > 0, we deduce regularity results: any weak 
solution u of (Dq^t) extends as a solution of the problem (Dq j00 ), and u 6 C 2,1 (Qn t00 ), and u € 
C (Qn,t,oo) for any e > 0, and u satisfies the universal estimates \2.16\) and 112. 15\) . In turn 
u € c£°(Qfi i00 ) from Theorem\2jM 

Notation 4.4 For any k > 0, we denote by u k '^ the above solution of (Dq :00 ) with initial data 
k5 . 
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4.1 The case SI = R N 

We first show that the function Y constructed at Proposition 13.31 is a VSS: 

Lemma 4.5 The function Y is a maximal V.S.S. in Q^n ^ and coincides with the radial self- 
similar solution constructed in ]39^ . It satisfies 



lim / Y(.,t)dx = 0, Mr > 0. (4.5) 



Proof. Consider any ball B p with p ^ 1. We can approximate the function u k ' Bp by Us' Bp , 
solution with initial data kp e , where (p £ ) is a sequence of mollifiers with support in B £ C B±. For 
any n 6 (0, 1) , there holds u £ ' p ^ Y v for e < r\. Then we find u k,Bp ^ Y. As a first consequence, 
y 7^ 0, and for any ball B r such that r < 1, taking 93 £ C c (B r ) with values in [0, 1] , such that 
(p = 1 on B r / 2; 

lim^ / Y(.,t)dx ^ lim / u k ' Bp (.,t)ipdx = k, 

thus y satisfies (|1.7|) . From (|3.15p . K is the unique radial self-similar VSS constructed in ??. It 
satisfies since F(a;,i) = t- a / 2 f{t- 1 / 2 \x\), and lim^oo r a_Jv e r2 / 4 /(r) > 0, from J39J Theorem 

2.1], which implies (|1.6|) . And Y is a maximal VSS, since Y is greater than any weak solution of 
(fTTj) . (fL2"1) . from Proposition E2D ■ 

In [11], a VSS C/ is constructed as the limit of a sequence of solutions u k of (11. ip in Qigiv j00 
with initial data A;<5o, constructed in [10J. The proof is based on difficult estimates of the gradient 
obtained from from the Bernstein technique by derivation of equation, showing that U satisfies 
(|1.8j) . (|1.9p and ()1.10p : and is minimal in that class, from [12, Theorem 3.8]. Here we prove again 
the existence of the u k and U in a very simple way: 



Lemma 4.6 (i) For any k > there exists a weak solution u k of Sl.l\) in Q^n ^ such that 
u k € L°°((0, 00); L 1 (M. )) and \Vu k \ 6 L 9 (Q r jv j^), u>ii/i initial data k5o, in the weak sense of 
M b (R N ) 

lim / u k (.,t)i;dx = fc^(0), ^ £ C b (R N ); (4.6) 

and it fc = supu fc ' Bp , where u k,Bp is the solution of the Dirichlet problem (Db P: oo) with initial data 
k5 . 

h 2 1 

(iij ^4s fc — )• 00, u converges in C 1( ^ c (Q k n j00 ) to a V.S.S U in Q^N tOQ . 
Proof, (i) Let k > be fixed. Consider again the sequence (u k,Bp ). We have 

u*'^.,*) ^ Y(.,t) ^ C(l + t~T*). (4.7) 
from Proposition 13.31 From Theorem 12.121 the sequence converges in C, ' c (Qn,oo) to a solution u k 



of equation (jl.ip in Q r n ^ and u k ^ Y, thus -u fe satisfies (|1.6p from (|3.8p . Moreover for any t > 0, 
from (1421) and (IP) . 

u k ' Bp (.,t)dx ^ fc, lim / u k ' Bp {.,t)dx = k. 

Br> t^Q J £J 
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Then from the Fatou Lemma, 

u k (.,t)dxSk. 



R N 



In turn from Proposition 12.181 u k (.,t) converges weak* to a Radon measure f/,, concentrated at 0, 
then n = k'5 , k' > 0. Otherwise u k < Bp ^ u k , then f B u k < B p(.,t)dx ^ f RN u k (.,t)dx, thus 



k < lim inf / u k (.,t)dx; 
Jr n 



then Hmt_>o J RJV i)cZa? = k. Taking <p p € D -1- ^^), with values in [0, 1] , such that (p p = 1 on -B p , 
we get 

/ u k ' B "{.,t)dx ^ [ u k {.,t)v P dx S [ u k (.,t)dx 



JR N 



hence k' = k; thus u k (.,t) converges weak * to k5o as t — > 0. In fact the convergence holds in the 
weak sense of A4b(^ N )- Indeed for any tp E C^(R N ), using a function tp € C C (R ) with values in 
[0, 1] such that cp = 1 on a ball B r , we can write 

u k (.,t)ipdx = / u k (.,t)if;ipdx + / u fc (.,t)V>(l - (/?)cfc, 

JlR^ 

and 



- S IMIl»(r") / u k {.,t)dx S Uh^n) / Y(.,t)dx 

R N y ' JR N \B r V ' JR N \B r 



and the right hand side tends to from (|4.5p . From (|4,4p . we find 

^ (Qflp , oo) = A;|IP£llil ^) = A; ' 



hence II I Vu k ' Bp \ q \\ T , , < k, and finally II I Vu^^H r1 \ < fc, from the convergence a.e. of 

the gradients. 

(ii) From (|4.7p or from Proposition (|3.4p . there holds 

«*(.,*) ^y(.,t) ^c(i + r^i). (4.8) 

From Theorem 12.121 u fc converges in C^^QjRiv to a weak solution [7 of equation (jl.ip . Then 
u k -£U ^ Y, thus £7 satisfies CC7]) and (03]) as y. Hence U is a VSS in Q RN j00 . ■ 

Next we prove the uniqueness of the VSS: 

Proof of Theorem 11.31 Let us show that U is minimal VSS. Let u be any VSS in Q^n oq . 
From Proposition E31 and (pLZj), it G C 3 ' 1 (Q R w j0O ) D C((0, oo); C^R^)) and it ^ V. For fixed > 
and p > 1, one constructs a sequence of functions Uq„ £ P + (R JV ) with support in £>i such that 



uj n ^ii(.,-) inR^, lim / u\ n dx = k. 
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Indeed \\u(., l/n)\\ Ll 

|| r «n 1 fc( U )(-> 1 /' l )|| i ] 

from (14,51) and (f3T 



tends to oo, then, for n large enough, there exists s Ut k > such that 
= k. And e n = \\u(.,l/n)\\ Ll , RN ^ Bi) + \\u(.,l/n)\\ Lao{RN ^ Bi) tends to 0, 
Then v k = (T Sn fc («)(., 1/n) — 2e n ) + has a compact support in Bj, and we can 

with initial 



take for Uq h a suitable regularization of v k . Let us call %' Bp the solution of (Dg 

k ml l j * j 1 i k,B v 



data Ug . Then we obtain that u 



'(.,t) ^ u(.,t + l/n) from the comparison principle. As n — > oo, 



iig n converges to kdo weakly in A4b(B p ), since for any ip G C^(B p ), and any r € (0, 1) 



Br, 



UQ n il>dx - kip(0) 



+ 2" 



Brj 



( u Q,n 



ip) 



k)dx 



u(., —)dx + sup \tp — i/j{0)\ 

B r n B r 



UQ n dx. 



Then u^ Bp converges to u k ' Bp from Proposition 14.21 an d u k ' Bp ^ u. From Lemma 14.61 we get 
u k ^ u ^ y. As k — > oo, we deduce that U ^ u ^ Y. Moreover U is radial and self-similar, then 
U = Y = u from (39]. ■ 

Finally we describe all the solutions: 

Proof of Theorem 11.41 Let u be any weak solution of (jl.ip . (jl.6p . Either (jl.7p holds, 
then u = Y. Or there exists a ball B r such that J* s u(.,t)dx stays bounded as i — > 0. Then 
u G L% c { [0,T);Lj oc (R N )), from Corollary EZD From Proposition EUl u(.,t) converges weak* to 
a measure \x as t — > 0. Then is concentrated at from (11.6p . hence the exists ^ such that 
[i = k5o, and (j 1 . 1 3 1) holds as in Lemma |4.6| since u f$ Y. If k = 0, then w = from Theorem 11.21 

Next we show the uniqueness, namely that u = u k constructed at Lemma [4.61 Here only we use 
the gradient estimates obtained by the Bernstein technique. We have u G C((0, oo); C%(M. N )) from 
Proposition (33]), and u G L°°((0, oo); L 1 ^)) from ([32]) or @3J) thus u G ^(((^oo);^ 1 
From |10| . [9], for any e > 0, and any t ^ e, we have the semi-group formula 



«(., i) = e (*- e ) A n(, e) - y* e(*- s ) A iVuf 7 {s)ds in L x ( 

and there exists C(q) such that for any t > 0, 

|Vn(.,i)| 5 ^C(g)(t-6)-V.,t). 
Going to the limit as e — >• we deduce from (jl.lOp . since u ^ Y, 

||Vn(.,t)|| LOO(RjV) £ C(q)t-V* \\Y(.,t)\\)!lr MN) S Ct^ N+ ^ 



(4.9) 



where C = C{N,q). From (fTTT3l) and (jOJ there holds |Vu| 9 G Lj ([0, oo) ; L 1 (R JV )). Otherwise 



e (t e)A n ^ ^ conver g es to /eg in (^(R^), where g is the heat kernel, then 

«(., £) = % - T e(*~ s ) A |Vu| 9 (a)ds in C^R^; 

JO 



Then 



( U -n fc )(.,t) 



)(a)ds 



in L 



)■ 
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W(u-u k )(.,t) 



< 



Li 



\Vu(.,s)\ q - Vu k (.,s) 



L'i 



ds 



f\t-s] 
Jo 



-l/2 s -(g-l)(JV+2)/2g 



V(u-u k )(.,s) 



ds. 



L'i 



Thus V(ti — u k )(.,t) = in L q (R^) , from the singular Gronwall lemma, valid since q < ^xf; 
hence u = u k . ■ 

Remark 4.7 XTiis uniqueness result is a special case of a general one given for measure data in 
\TQ Theorem 3.27]. 

4.2 The Dirichlet problem (A} i00 ) 

Here Q is bounded, and we consider the weak solutions of the problem (Dn |0O ) such that 



lim / u(.,t)<pdx = 0, V(p G C c (ft\{0}). 



(4.10) 



First, we give regularity properties of these solutions. 

Lemma 4.8 Any weak solution u o/(-Dq j00 ), ^A0), in Qn t0 o satisfies 

u g c x '°(p\ {o} x [o, oo)) n c l '°(n x (o, oo)) n c 2 ' 1 (Q Q ,oo) ■ 

Proof. We know that u G C lfi (Tl x (0, oo)) n C 2 ' 1 (Qn,oo) , see Remark 023 Moreover u G 
C 2il (O x [0, oo)) and u(x, 0) = 0, Vx G fio, from Corollary 12.211 Let CC O be fixed, and 

= Q\B rr Then u G C 1 (S-B^ x [0, oo)) , thus for any T G (0, oo) , there exists C T > such that 
u(.,t) ^ C T i on di?^ x [0, T) . Then the function w = u — C T t solves 

w t - Aw = - \\7u\ q - C T in V (Qn,, T ) , 

then tc+ G ^(O.T);! 1 (fy) n ^((0, T); W M (fy)), and 

u> t + - Aw + ^ in P' (Qn,,r) 

from the Kato inequality. Moreover, from assumption (|4.10|) . w + G L°°((0, T); L 1 (fl^)) and u> + (., i) 
converges to in the weak sense of Mb (^) • As a consequence, it; ^ 0, from [6j Lemma 3.4]; 
thus u(.,t) < Ct^ in O^t- Then the function u defined by (|2.29p is bounded in Qn VtT - Hence 
u G C 1 ' ^ x (-T, T)) from Theorem[H3l thus u G C 1,0 (n\{0} x [0, oo)). ■ 

Definition 4.9 Let T G (0, oo] . We call VSS in Qn,T & n y weak solution u of the Dirichlet problem 
(Dq^t), such that 

lim / u(.,t)dx = oo, VS r C O. (4.11) 



Remark 4.10 From Remark \4.3[ any VSS in Qq^t extends as a VSS in Qn j00 , and satisfies h2. 1 6]) 
and 12~W\) . 
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Next we prove the existence and uniqueness of the VSS. Our proof is based on the uniqueness 
of the VSS in R , and does not use the uniqueness of the function u k . 

Proof of Theorem 11.51 (i) Existence of a minimal VSS. For any k > we consider the 
solution u k ^ of (-t>n,oo) with initial data k5o. By regularization as in Lemma 14,61 we obtain that 
u k,Q < y 'pkg s e q Uence (u k '^ is nondecreasing. From estimate (|2.16p and Theorem 12.131 (u k ' ) 
converges m 

Cf;l(Qn,oo) n C/ o '°(0 x (0,oo)) to a weak solution U n of (Aj,oo), and then U n S Y. 
Hence U n satisfies (jOT) . and (j4~10j) from thus C/ Q is a VSS in fi. Next we show that U n is 

minimal. Consider any VSS u in Qn.oo- Let > be fixed. As in the proof of Theorem 11.31 one 
constructs a sequence -Un^of solutions of (-Dn,oo) with initial data functions Uq'^ G such that 

n n^ooJ n ' 

We still find u k J.,t) ^ + 1/n) from the comparison principle, valid from Lemma 14.81 As 
n — > oo, Mq',^ converges to kSo weakly in .Mfc(Sl), then Un^ converges to u k,n from Proposition 14.21 
Then u k ' n ^ u for any A; > 0, thus 17 < it. 

Existence of a maximal VSS. For any ball -B^ CC f2, we consider the function Yp defined 
at Theorem 12. 151 Consider again any VSS u in 0, and follow the proof of Proposition 13.41 replacing 
B r by Q. Let e > be fixed. From Lemma 14.81 f° r anv Dan 5, CC O, setting $7^ = i}\B r] there is 
> such that 

u{x,t)<e, inQ^A, ( 4 - 12 ) 
Next, for any S G (0,S V ), from the comparison principle in Qn t s,r we deduce that 

u(x,t) S Y^(x,t-6) +e mQsi,s,T- 

As 5 tends to 0, and then e — > 0, we deduce that u ^ Y" 2 ^ in Qn )OC . We observe that ^ Y^9 
for any r\ ^ 77'. From the estimates (|2.16p and Theorem 12.121 Y^ 1 converges in Cj^(Q x (0, 00)) to 
a classical solution Y n of (-Dfi.oo), and u ^ Y u . Moreover Y n satisfies (|4.11[) . since Y n ^ U, and 
P~T()j) since Y^ ^ V, then Y n is a maximal VSS in £1 

(Hi) Uniqueness. For fixed > 0, we intend to compare u k ' with u k , by approximation. Let 
< rj < r be fixed such that B r CC £1. Consider again the function Y v defined by (|3.5p . Let 5 > 
be fixed. From fj3. 15f) . there exists t$ > such that sup( K ivy Br ) x [o iTi5 ] ^ 5. Let (p £ ) be a sequence 
of modifiers with support in B £ C B v . Let u^' be the solution of (Djj jCO ) in Qn.oo with initial data 
kp £ . For any j> > 1 such that O C -Bp, let u £ ' p be the solution of (-D_B P , 00) with the same initial 
data. By definition of Y Bp and Y v , there holds u £ ,Bp ^ 5= Y v , hence sup£Q X [o ^ u £ ,Bp ^ 5. 

Applying the comparison principle to the smooth functions u £ '^ and u £ ' Bp in £1 x [0, 00) , we obtain 
that 

u £ ' Bp S u k ' n + 5 in H x [0, t s ] . 

Going to the limit as e — > from Proposition 14.21 and then as p — > 00 from Lemma 14.61 we obtain 
that 

u k ^ u k,n + § in ^ x ^ ^ . 
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and going to the limit as k — > oo, we find 



U S U n + 5 in Q x (0, t s ] . 

The function W n = Y n - U n € C 1 ' ^^} x [0,oo)) n C 1 ' ^ x (0,oo)) from Lemma gSD, and 
W n = on dfl x [0, oo). Since Y n ^ Y = U, then W n ^ 5 in H x (0, r a ] . Thus W n (., t) converges 
uniformly to as t — > 0. Then for any e > 0, VF^ — e cannot have an extremal point in Qn tOC , thus 
VF n ^ e, hence y^ = [7 n ■ 

Finally we describe all the solutions as in the case of W N : 

Theorem 4.11 Let u be any weak solution of (Dq jOC ), {J^.IO ). Then either u = U , or there exists 
k > such that u = u k,n , or u = 0. 

Proof. Either u = Y n , or there exists a ball B r such that f B u(.,t)dx stays bounded as t — > 0. 
Then from (ETTOl . u G L~ ( [0, oo) ; L 1 ^)). From Proposition EH1 u(.,t) converges weak* to a 
measure [i as i — >• 0, concentrated at {0} from (14.101) . Hence the exists k ^ such that // = Mo, 
thus 



lim / u(., t)(pdx = ktp(., 0), V</? £ C c (f2), 

and it holds for any € C(,(f2), from (|4.10p . If k > 0, then u = from uniqueness, see 

Proposition 14.21 If k = 0, then u = from Theorem 11.21 ■ 
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